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ABSTRACT 

 
In this paper we characterize a dependent element of a derivation on a semiprime Γ-ring M.  It is shown that 
the dependent elements of a derivation d of a semiprime Γ-rings M are central, and it is proved that if a is a 
dependent element of a derivation d of M, then there exist ideals U and V of the semiprime Γ-ring M such that 
(i)U V is an essential ideal of M.  (ii) d =0 on U, and d(V) ⊆V and (iii) the derivation d of the semiprime Γ-
ring M is free action on V.   Furthermore, some of results of free action for several mappings in prime and 
semiprime Γ-rings are given. 
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Introduction 
The notion of a Γ-ring was introduced by Nobusawa 
(1964) and generalized by Barnes (1966) ∈as 
follows: Let M and Γ be two additive abelian 
groups. If for all x, y, z� M and α, β∈ Γ, the 
following conditions are satisfied 
(1) xαy ∈ M, 
(2) (x + y)αz = xαz + yαz, 
 x(α + β)y = xαy + xβy, 
 xα(y + z) = xαy + xαz, 
(3)  (xαy)βz = xα(yβz), 
then M is called a Γ-ring (in the sense of Barnes, 
1966).  If these conditions are strengthened to  
(1`) xαy ∈ M, and αxβ ∈ Γ, 
(2`) same as (2), 
(3`) (xαy)βz = x(αyβ)z = xα(yβz), 
(4`) xαy = 0 for all x, y ∈ M implies α = 0, 
we then have M a Γ-ring in the sense of Nobusawa 
(1964).  We may note that it follows from (1)→(3) 
that 0αx = x0y = 0αx = 0, for all x, y∈ M and α∈ Γ. 
 
Recall that a Γ-ring M is called a prime if for any 
two elements x, y ∈ M, xΓMΓy = 0 implies either x 
= 0 or y = 0, and M is called semiprime if xΓMΓx = 
0 with x ∈ M implies x = 0.  Note that every prime 
Γ-ring is obviously semiprime.  An additive 
mapping d: M → M is called a derivation if d(xαy) = 

d(x)αy +xαd(y) for all x, y ∈ M and α ∈ Γ. An 
additive subgroup U of M is called a left (right) ideal 
of M if MΓU⊆U (UΓM⊆U).  If U is both left and 
right ideal of M, then we say U is an ideal of M. An 
ideal of M is said to be essential if it has non zero 
intersection with any non zero ideal of M. For a 
subset U of M, Annl(U) = {a ∈ M| aΓU =<0> }is 
called the left annihilator of U.  A right annihilator 
Annr(U) can be defined similarly. It is known that 
the right and left annihilators of an ideal U of a 
semiprime Γ-ring M coincide, it will be denoted by 
Ann(U) (Ztürk and Yazarli, 2007). It is easy to show 
that U∩Ann(U) = {0} and U Ann(U) is an 
essential of the Γ-ring M. Following (Pual and 
Sabur, 2010) an element x of M is called nilpotent if 
for some γ∈ Γ, there exists a positive integer n = 
n(γ) such that (xγ)nx = 0 and an ideal U of a Γ-ring 
M is called nilpotent if (UΓ)nU = 0, where n is the 
least positive integer. Furthermore, M is said to be a 
commutative Γ-ring if xαy = yαx for all x, y ∈ M 
and α ∈ Γ. The set Z(M) = {x ∈M; xαy = yαx for all 
x, y ∈ M and α ∈ Γ} is called the center of M.  The 
commutator xαy – yαx will be denoted by [x, y]α.  
We will use for all x, y, z ∈ M and α, β ∈ Γ, the 
basic commutator identities: 
[xαy, z]β = xα[y, z]β + [x, z]βαy + x[α, β]zy, and 
[x, yαz]β = yα[x, z]β + [x, y]βαz + y[β, α]xz, 
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Throughout this paper, consider the following 
assumption xαyβz = xβyαz, for all x, y, z ∈ M and α, 
β, ∈ Γ and it will represented by (*).  According to 
the assumption (*), the above two identities reduce 
to [xαy, z]β = xα[y, z]β + [x, z]βαy, and 
[x, yαz]β = yα[x, z]β + [x, y]βαz .   
 
Laradji and Thaheem in (Laradji and Thaheem, 
1998) defined the dependent element of a mapping f 
as follows: An element a∈ R is said to be a 
dependent element of a mapping f: R → R if 
f(x)a = ax for all x ∈ R, 
 
They studied the dependent elements of 
endomorphisms of semiprime rings and Vukman 
and Kosi-Ulbl in (Vukman and Kosi-Ulbl, 2004) 
studied dependent elements of various mappings 
related to derivations, automorphisms and 
generalized derivations on prime and semiprime 
rings. Several other authors have studied dependent 
elements in prime and semiprime rings (Faisal and 
Muhammad, 2009; Muhammad and Mohammad, 
2008a; Hentzel et al., 2011; Mohammad, and 
Muhammad, 2008b). Furthermore, a mapping f: R 
→ R is said to be a free action on M if zero is the 
only dependent element of f. 
 
In this paper analogous in (Laradji and Thaheem, 
1998) we define a dependent element of a mapping f 
on a semiprime Γ-rings M as follows: An element a 
∈ M is said to be dependent element of a mapping f: 
M → M if f(x)αa =aαx  for all x ∈ M and α ∈ Γ. A 
mapping f: M → M is said to be free action on M if  
the only dependent element of f is zero. We 
investigate some properties and give some results of 
free action for  mappings related to derivations on 
prime and semiprime Γ-rings M.  For a mapping f: 
M → M, D(f) denotes the collection of all dependent 
elements of f.  
 
1. Dependent elements on derivations 
For proving the main results, we start by the 
following theorem: 
 
Theorem 2.1. Let M be a semiprime Γ-ring 
satisfying (*) and d: M → M be a derivation of M.  
If a∈ D(d), then a∈ Z(M). 
 
Proof.  Suppose that a ∈ D(d), that is  
d(x)αa =  aαx, for all x ∈ M and α∈ Γ.  (2.1) 
 

Replacing x by xγy in (2.1), we get 
d(x)γyαa + xγd(y)αa = aαxγy, for all x, y∈ M  
and α, γ ∈ Γ. (2.2) 
 
Using (2.1)  we get  
d(x)γyαa = [a, x]αγy, for all x, y∈ M  
and α, γ ∈ Γ.                                       (2.3) 
 
Hence we obtain  
d(x)γyαaβz = [a, x]αγyβz, for all x, y, z∈ M  
and α, β, γ ∈ Γ.                             (2.4) 
 
Replacing y by yβz in (2.3), we obtain 
d(x)γyβzαa = [a, x]αγyβz , for all x, y, z∈M  
and α, β, γ ∈ Γ.                                (2.5) 
                  
Subtracting (2.5) from (2.4), we have 
d(x)γyβ[a, z]α = 0, for all x, y, z∈ M and α, β, γ ∈ Γ. 
 
Replacing y by aδy and using (2.1), we obtain 
aγxδyβ[a, z]α = 0, for all x, y, z∈ M  
and α, β, γ, δ ∈ Γ.                                  (2.6) 
 
Hence we obtain 
zαaγxδyβ [a, z]α = 0, for all x, y, z∈ M  
and α, β, γ, δ ∈ Γ.                            (2.7) 
 
Replacing  x by zαx in (2.6), we get 
aγzαxδyβ [a, z]α = 0, for all x, y, z∈ M  
and α, β, γ, δ ∈ Γ.                                (2.8) 
   
Subtracting (2.7) from (2.8), we obtain 
[a, z]αγxδyβ [a, z]α = 0, for all x, y, z∈ M  
and α, β, γ, δ ∈ Γ.                              (2.9) 
 
Hence we obtain [a, z]αγxδyβ [a, z]αγx = 0, for all x, 
y, z∈ M and α, β, γ,δ ∈ Γ.  By semiprimeness  we 
have [a, z]α = 0, for all  z ∈ M and α ∈ Γ.  Hence a∈ 
Z(M). 
                                   
Corollary 2.2.  Let M be a semiprime Γ-ring 
satisfying (*) and d:M → M be a derivation on M.  
If a ∈ D(d), then d(x)αa =0. 
 
Proof.  Let a ∈D(d), by Theorem 2.1 a∈ Z(M), that 
is d(x)αa = aαx = xαa, for all x ∈ M and α∈ Γ. 
Replacing x by xβy, we get 
xβyαa = d(x)βyαa+ xβd(y)αa  
= d(x)βaαy + xβd(y)αa = d(x)βaαy +xβaαy, for all x, 
y∈M and α, β, γ∈Γ. 
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Being a ∈ Z(M) the last relation implies that 
d(x)βaαy = 0.  By semiprimeness we get d(x)αa = 0, 
for all x∈ M and α ∈ Γ. 
 
Corollary 2.3.  Let M be a semiprime Γ-ring 
satisfying (*) and d: M → M be a derivation on M.  
If  a∈ D(d) then d(a) = 0. 
 
Proof.  Since a ∈ D(d), by corollary 2.2 we get  
d(x)αa = 0, for all x∈M  
and α∈ Γ.                                                   (2.10) 
 
Replacing x by d(x) in (2.10) we get  
d(d(x))αa = 0, for all x∈M  
and α∈ Γ.                                              (2.11)    
 
From (2.10), we obtain d(d(x)αa) = d(0) = 0, which 
implies  d(d(x))αa + d(x)αd(a) = 0, for all x∈M and 
α∈ Γ.  Using (2.11), we get d(x)αd(a) = 0, for all x∈ 
M and α∈ Γ. Replacing x by aβx, we have 
d(a)βxαd(a) = 0, for all x∈ M and α, β∈ Γ. By 
semiprimeness we get d(a) = 0. 
 
Remark 2.4. Let M be a semiprime Γ-ring and U be 
a right ideal of M, then U is a semiprime subring of 
M and Z(U) ⊆Z(M). 
 
Now we prove the main result in this section. 
 
Theorem 2.5. Let M be a semiprime Γ-ring 
satisfying (*) and d: M → M be a derivation on M.  
Let a be a dependent element of d. Then there exist 
ideals U and V of M such that 
(i) U V is an essential ideal of M. 
(ii) d = 0 on U and d(V) ⊆V. 
(iii) D(d|V) = {0}, where d|V is restriction of d on V.   
 
That is d free action on V. 
 
Proof. (i)  Since a∈ D(d), by Theorem 2.1 we have 
a∈ Z(M).  Therefore 
aαm = mαa, for all m∈ M and α∈ Γ, 
that is aΓM  = MΓa, and this implies aΓM is a two 
sided ideal of M.   
 
Put U=aΓM and V = Ann(U).  Since Ann(U) is an 
ideal of M, then V is an ideal of M, and  U V is 
essential of M. 
 

(ii) By Corollary 2.2, Corollary 2.3 and Theorem 2.1 
we have d(x)αa = 0, d(a) = 0, and a ∈ Z(M), for all x 
∈ M, α ∈ Γ. Thus d(aαx) = d(a)αx + aαd(x) = d(a)αx 
+ d(x)αa = 0, for all x ∈ M, α ∈ Γ. 
 
d(xαa) = d(x)αa + xαd(a) = 0, and d(xαaβy) = 
d(x)αaβy + xαd(a)βy + xαaβd(y) = xαd(y)βa = 0, for 
all x, y ∈ M, α, β ∈ Γ.  Hence d= 0 on U. 
 
Now let d(v) ∈ d(V), for v ∈ V= Ann(U), thus vαa = 
0, for all a ∈ U.  So  d(vαa) = d(0) = 0, and vαd(a) = 
0, since a ∈ U, and d =0 on U.  Then d(vαa) = 
d(v)αa + vαd(a), this implies that d(v)αa = 0 , that is 
d(v) ∈ Ann(U) = V.  
 
(iii) Since V is an ideal of M, by Remark 2.4 we 
have Z(V) ⊆ Z(M).  Since d(V) ⊆ V so d|V is a 
derivation on V.  Now let a ∈ V be a dependent 
element of d|V on V, then by Theorem 2.1 we have 
a∈ Z(V), and by Remark 2.4 we have Z(V) ⊆ Z(M), 
that is a∈ Z(M).  By Corollary 2.2 and Corollary 2.3 
we have d|v(v)αa = 0 = aαd|v(v) and d|v(a) = 0. 
 
Let x ∈ M, so xβv ∈ V. Thus d(xβv)αa  = 0, but  
d(xβv)αa  = d(x)βvαa + xβd(v)αa, this implies that 
d(x)βvαa = 0. 
 
Since a∈Z(V), so d(x)βaαv = 0, for all x∈M, v∈ V 
and α, β∈ Γ. By by semiprimeness  of V we get 
d(x)αa = 0, and by definition we obtain aαx = 0, for 
all x∈ M and α∈ Γ, then by semiprime  of M we get 
a = 0.  Hence D(d|V) = {0} on V. 
 
2. Free actions of prime and semiprime Γ-rings 
In this section we discuss free action for mappings 
related to derivations and we obtain some results. 
We start by the following lemma:  
 
Lemma 3.1 (Chakraborty and Paul, 2010. Lemma 
2.13).  Let M be a 2-torsion free semiprime Γ-ring 
and suppose that a, b∈ M.  If aΓmΓb + bΓmΓa = 0 
for all m ∈ M, then aΓmΓb = bΓmΓa = 0. 
 
Theorem 3.2 (Pual and Sabur, 2010. Theorem 3.1).  
Let M be a prime Γ-ring and U≠ 0 be a right ideal of 
M. suppose that a∈U, (aγ)na = 0 for a fixed integer n, 
then M has non-zero nilpotent ideal. 
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Remark 3.3.  Let M be a Γ-ring.  If a is nilpotent, 
then MΓa is a nilpotent ideal of M.  Ina  semiprime 
Γ-ring M, if  a is nilpotent, then a = 0. 
 
Theorem 3.4. Let M be a semiprime Γ-ring 
satisfying (*) and d: M → M be a derivation. Then 
Ф:M → M defined as Ф (x) = xβd(x) for all x ∈M 
and β ∈ Γ is free action. 
 
Proof: Suppose that a ∈ D(Ф), that is 
Ф(x)αa = aαx for all x ∈ M  
and α ∈ Γ.                                               (3.1) 
 
Equivalently  
xβd(x)αa = aαx, for all x ∈ M  
and α, β ∈ Γ.                                               (3.2) 
 
Linearizing (3.2) with respect x we get 
xβd(y)αa + yβd(x)αa = 0, for all x, ∈ M  
and α, β ∈ Γ. (3.3) 
 
Replacing x and y by a, we obtain 2aβd(a)αa = 0, 
this implies that 
2aαa = 0, for all x ∈ M  
and α ∈ Γ.                                                   (3.4) 
 
Replacing y by xαa in (3.3) we get  
xβd(x)αaαa + xβxαd(a)αa + xαaβd(x)αa = 0, for all x 
∈ M and α ∈ Γ.  
 
By using (3.2) we get 
aαxαa + xβxαd(a)αa + xαaβd(x)αa = 0. 
 
Replacing x by a we obtain aαaαa + 2aαaβd(a)αa = 0.  
By using (3.4) we get aαaαa = 0, since M is 
semiprime Γ-ring , then by Remark 3.3 we get a = 0.  
 
Theorem 3.5.  Let M be a 2-torsion free semiprime 
Γ-ring and d: M → M be a derivation.  Then a 
mapping Ф : M → M defined as Ф(x) = xαd(x) 
+d(x)αx for all x ∈M and a fixed α∈ Γ is free action. 
 
Proof: Suppose that a ∈ D(Ф), that is Ф(x)αa = aαx 
for all x ∈ M and α ∈ Γ, equivalently 
xαd(x)+ d(x)αx}αa = aαx, for all x ∈ M  
and α ∈ Γ.                                (3.5) 
 
Linearizing (3.5) with respect x we get 
xαd(y)αa + yαd(x)αa + d(x)αyαa + d(y)αxαa = 0, for 
all x, y ∈ M and α ∈ Γ.             (3.6) 

Replacing x and y by a, and using (3.5) we obtain  
2aαa = 0.                                (3.7) 
 
Since M is 2-torsion free semiprime Γ-ring, by 
Remark 3.3 we get a = 0.  
 
Theorem 3.5. Let M be a prime Γ-ring satisfying (*) 
and d, g and h be nonzero derivations of M.  Then 
the mapping Ф : M → M defined as Ф(x) = d(g(x)) 
+ h(x) for all x ∈M is free action. 
 
Proof: Suppose that a ∈ D(Ф), that is 
 
Ф(x)αa = aαx for all x ∈ M  
and α ∈Γ.                                            (3.8) 
 
Equivalently   
(d(g(x)) + h(x))αa = aαx. 
Replacing x by xβa we get 
(d(g(xβa)) + h(xβa))αa = aαxβa. 
 
This implies that 
Ф(x)βaαa + xβФ(a)αa + g(x)βd(a)αa + d(x)βg(a)αa = 
aαxβa. 
 
By using (3.8) we obtain  
xβaαa  + g(x)βd(a)αa + d(x)βg(a)αa = 0  (3.9) 
 
Replacing x by yγx and using (3.9) we obtain  
g(y)γxβd(a)αa + d(y)γxβg(a)αa = 0, for all x, y∈ M 
and α, β, γ ∈ Γ. (3.10) 
 
Replacing y by a and x by aαx we obtain 
g(a)γaαxβd(a)αa + d(a)γaαxβg(a)αa = 0, for all x, y∈ 
M and α, β, γ∈ Γ. 
 
By using Lemma 3.1 we conclude that 
d(a)γaαxβg(a)αa = 0, and by the primness of M, 
either   d(a)αa = 0 or g(a)αa = 0. 
 
If both are zero we get from (3.9) that is xβaαa = 0 
and by primeness we get aαa = 0, then by Remark 
3.3, a = 0. 
 
If d(a)αa = 0 and g(a)αa ≠ 0, then the relation (3.10) 
yields d(y)γxβg(a)αa = 0.  By primness and  relation 
(3.9) a = 0. 
 
If g(a)αa = 0 and d(a)αa ≠ 0, the relation (3.10) 
yields g(y)γxβd(a)αa = 0, and by primeness and 
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relation (3.9), a = 0.  So for any case we get a = 0, 
this implies that Ф is free action.  
 
REFERENCES 
 
Barnes, W. 1966.  On the 5-Rings of Nobusawa.  Pacific 
J. Math. 18(3):411-422. 

Chakraborty, S. and Paul, AC. 2010. On Jordan 
Generalized k-Derivations of Semiprime ΓN- Rings.  
Bulletin of the Iranian Math. Soc. 36(1):41-53.   

Faisal, Al. and Muhammad, CH. 2009.  Dependent 
Elements of Derivations on Semiprime Rings. IJMMS. :1-
6. 

Hentzel, L., Daif, MU., Tammam, EL. and Haetinger, CL. 
2011. On Free Actions and Dependent Elements in Rings. 
Algebra and its Applications. 69-84. 

Laradji, A. and Thaheem, AB. 1998.  On Dependent 
Elements in Semiprime Rings.  Math. Japon. 47(1):29-31. 

Mohammad, SA. and Muhammad, CHa. 2008. Dependent 
Elements of Left Centralizers of Semi- prime Rings. The 
Arabian J for Science and Engineering. 33(2A):313-319. 

Muhammad, CH and Mohammad, SA. 2008b.  Free 
Action on Semiprime Rings. Mathematica Bohemica. 2 
(133):197-208.  

Nobusawa, N. 1964.  On a Generlazetion of the Ring 
Theory. Osaka J. Math. 1:81-89. 

Pual, A. and Sabur, M. 2010.  Lie and Jordan Structure in 
Simple Gamma Rings.  J. of Physical Science.  14:77-86. 

Vukman, JO. and Kosi-Ulbl, IR. 2004. On Dependent 
Elements in Rings. IJMMS. 54:2895-2906. 

Ztürk, MA and Yazarli, HA. 2007.  Modules over the 
Generalized Centroid of Semiprime Gamma Rings.  Bull.  
Korean  Math.  Soc.  44 (2):203-213. 

 
Received: Dec 21, 2011; Accepted: April 18, 2012 


