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ABSTRACT

In this paper we characterize a dependent element of a derivation on a semiprime I'-ring M. It is shown that
the dependent elements of a derivation d of a semiprime I'-rings M are central, and it is proved that if a is a
dependent element of a derivation d of M, then there exist ideals U and V of the semiprime I"-ring M such that
(())UBV is an essential ideal of M. (ii) d =0 on U, and d(V) <V and (iii) the derivation d of the semiprime I'-
ring M is free action on V. Furthermore, some of results of free action for several mappings in prime and

semiprime ['-rings are given.
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Introduction
The notion of a I'-ring was introduced by Nobusawa
(1964) and generalized by Barnes (1966) eas
follows: Let M and I' be two additive abelian
groups. If for all x, y, z[l M and a, Be T, the
following conditions are satistied
(1) xoayeM,
(2) (x+y)oz=x0z+yaz,

x(a+ B)y = xay + xfy,

xa(y + z) = xay + X0z,
(3)  (xay)Bz = xa(yP),
then M is called a I'-ring (in the sense of Barnes,
1966). If these conditions are strengthened to
(1) xay € M, and oxp € T,
(2") same as (2),
(3") (xay)pz = x(ayB)z = xa(yB2),
(4") xay = 0 for all x, y € M implies a =0,
we then have M a I'-ring in the sense of Nobusawa
(1964). We may note that it follows from (1)—(3)
that Ooax = x0y = Oux = 0, for all X, ye M and ae I.

Recall that a I-ring M is called a prime if for any
two elements x, y € M, xI'MI'y = 0 implies either x
=0ory=0, and M is called semiprime if xXIMI'x =
0 with x € M implies x = 0. Note that every prime
I-ring is obviously semiprime. An additive
mapping d: M — M is called a derivation if d(xay) =

*Corresponding author email: vananesh@gmail.com

d(x)ay +xad(y) for all x, y € M and a € I'. An
additive subgroup U of M is called a left (right) ideal
of M if MI'UcU (UI'McU). If U is both left and
right ideal of M, then we say U is an ideal of M. An
ideal of M is said to be essential if it has non zero
intersection with any non zero ideal of M. For a
subset U of M, Anny(U) = {a € M| al'U =<0> }is
called the left annihilator of U. A right annihilator
Anny(U) can be defined similarly. It is known that
the right and left annihilators of an ideal U of a
semiprime ['-ring M coincide, it will be denoted by
Ann(U) (Ztiirk and Yazarli, 2007). It is easy to show
that UNAnn(U) = {0} and U®Ann(U) is an
essential of the I'-ring M. Following (Pual and
Sabur, 2010) an element x of M is called nilpotent if
for some ye I, there exists a positive integer n =
n(y) such that (xy)"x = 0 and an ideal U of a I'-ring
M is called nilpotent if (UI')"U = 0, where n is the
least positive integer. Furthermore, M is said to be a
commutative ['-ring if xay = yox for all x, y € M
and o € I'. The set Z(M) = {x eM; xay = yox for all
X,y € M and a € I'} is called the center of M. The
commutator xoy — yax will be denoted by [x, y]..
We will use for all x,y, z € M and a, p € I, the
basic commutator identities:

[xaay, 2]y = xaly, zlp + [x, zlpay + x[a, By, and

[Xa YGZ]B = YG[X, Z]B + [X, Y]ﬁaz + Y[l?)a ("]Xza
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Throughout this paper, consider the following
assumption xaypz = xpyaz, for all X, y, z € M and a,
B, € I' and it will represented by (*). According to
the assumption (*), the above two identities reduce
to [xay, z]g = xaly, z]s + [X, z]pay, and

[x, yoz]p = ya[X, z]s + [x, ylsoz .

Laradji and Thaheem in (Laradji and Thaheem,
1998) defined the dependent element of a mapping f
as follows: An element ae R is said to be a
dependent element of a mapping f: R — R if

f(x)a = ax for all x € R,

They studied the dependent elements of
endomorphisms of semiprime rings and Vukman
and Kosi-Ulbl in (Vukman and Kosi-Ulbl, 2004)
studied dependent elements of various mappings
related to derivations, automorphisms and
generalized derivations on prime and semiprime
rings. Several other authors have studied dependent
elements in prime and semiprime rings (Faisal and
Muhammad, 2009; Muhammad and Mohammad,
2008a; Hentzel et al., 2011; Mohammad, and
Muhammad, 2008b). Furthermore, a mapping f: R
— R is said to be a free action on M if zero is the
only dependent element of f.

In this paper analogous in (Laradji and Thaheem,
1998) we define a dependent element of a mapping f
on a semiprime ['-rings M as follows: An element a
€ M is said to be dependent element of a mapping f:
M — M if f(X)aa =aox forallx e Manda e I'. A
mapping f: M — M is said to be free action on M if
the only dependent element of f is zero. We
investigate some properties and give some results of
free action for mappings related to derivations on
prime and semiprime I'-rings M. For a mapping f:
M — M, D(f) denotes the collection of all dependent
elements of f.

1. Dependent elements on derivations
For proving the main results, we start by the
following theorem:

Theorem 2.1. Let M be a semiprime [-ring
satisfying (*) and d: M — M be a derivation of M.
If ae D(d), then ac Z(M).

Proof. Suppose that a € D(d), that is
d(x)oa = aox, forallx e Mand aeT.

@2.1)

Replacing x by xyy in (2.1), we get

d(X)yyaa + xyd(y)aa = aoxyy, for all x, ye M
anda,y eT. 2.2)
Using (2.1) we get

d(x)yyoa = [a, X],yy, forall x, ye M
anda,y eI 2.3)
Hence we obtain

d(x)yyaaPz = [a, x],yypz, forall x,y, ze M
anda, B,y € I. 2.4)
Replacing y by ypz in (2.3), we obtain
d(X)yyBzoa = [a, x],yyPz , for all x, y, zeM
anda, B,y eI 2.5)
Subtracting (2.5) from (2.4), we have

d(x)yypla, z],=0, forall x,y, ze Mand o, B,y € T.

Replacing y by ady and using (2.1), we obtain
ayxdypla, z], =0, for all x, y, ze M

anda, B,v,06 €I (2.6)
Hence we obtain

zoayxoyp [a, z], =0, for all X, y, ze M

anda, B,v,06 €I 2.7)
Replacing x by zax in (2.6), we get

ayzoxdyp [a, z], =0, forall x,y, ze M

anda, B,v,06 €I (2.8)
Subtracting (2.7) from (2.8), we obtain

[a, z],yxdyP [a, z], =0, for all x, y, ze M

anda, B, v, 06 €I (2.9)

Hence we obtain [a, z],yx0yP [a, z],yx = 0, for all x,
y, ze M and a, B, 7,0 € I'. By semiprimeness we

have [a, z],=0, forall ze M and o € I'. Hence ae
Z(M).

Corollary 2.2. Let M be a semiprime [-ring
satisfying (*) and d:M — M be a derivation on M.
If a € D(d), then d(x)aa =0.

Proof. Let a eD(d), by Theorem 2.1 ae Z(M), that
is d(x)oa = aox = x0a, forall x € M and ae I'.
Replacing x by xBy, we get

xPyoaa = d(x)Byoat xPd(y)oa

= d(x)Baay + xBd(y)oa = d(x)pBaay +xPaay, for all x,
yeMand a, B, yel.
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Being a € Z(M) the last relation implies that
d(x)Baay = 0. By semiprimeness we get d(x)aa =0,
forallxe Manda € I'.

Corollary 2.3. Let M be a semiprime [-ring
satisfying (*) and d: M — M be a derivation on M.
If ae D(d) then d(a) = 0.

Proof. Since a € D(d), by corollary 2.2 we get
d(x)aa =0, for all xeM

and ae I (2.10)
Replacing x by d(x) in (2.10) we get

d(d(x))aa =0, for all xeM

and ae I (2.11)

From (2.10), we obtain d(d(x)aa) = d(0) = 0, which
implies d(d(x))oa + d(x)ad(a) = 0, for all xeM and
ae I'. Using (2.11), we get d(x)ad(a) = 0, for all xe
M and ae I. Replacing x by apx, we have
d(a)pxad(a) = 0, for all xe M and a, Be I'. By
semiprimeness we get d(a) = 0.

Remark 2.4. Let M be a semiprime I'-ring and U be
a right ideal of M, then U is a semiprime subring of
M and Z(U) cZ(M).

Now we prove the main result in this section.

Theorem 2.5. Let M be a semiprime [-ring
satisfying (*) and d: M — M be a derivation on M.
Let a be a dependent element of d. Then there exist
ideals U and V of M such that

(1) U®V is an essential ideal of M.
(i))d=0onUand d(V) V.

(iii) D(d|v) = {0}, where d|y is restriction of d on V.

That is d free action on V.

Proof. (i) Since ae D(d), by Theorem 2.1 we have
ae Z(M). Therefore

aom = moa, for all me M and ae T,

that is al'M = MTIa, and this implies a'M is a two
sided ideal of M.

Put U=aI'M and V = Ann(U). Since Ann(U) is an
ideal of M, then V is an ideal of M, and U@V is
essential of M.

(ii) By Corollary 2.2, Corollary 2.3 and Theorem 2.1
we have d(x)aa =0, d(a) =0, and a € Z(M), for all x
€ M, a € I'. Thus d(aox) = d(a)ax + aad(x) = d(a)ox
+dx)aa=0, forallx e M, a e T.

d(xaa) = d(x)oa + xad(a) = 0, and d(xcafy) =
d(x)aafy + xad(a)fy + xaaBd(y) = xad(y)pa = 0, for
allx,y e M, a, p € I'. Hence d=0 on U.

Now let d(v) € d(V), for v e V= Ann(U), thus vaa =
0, foralla € U. So d(vaa) =d(0) =0, and vad(a) =
0, since a € U, and d =0 on U. Then d(voa) =
d(v)aa + vad(a), this implies that d(v)aa = 0 , that is
d(v) € Ann(U) = V.

(iii) Since V is an ideal of M, by Remark 2.4 we
have Z(V) < Z(M). Since d(V) < V so dJy is a
derivation on V. Now let a € V be a dependent
element of d|y on V, then by Theorem 2.1 we have
ae Z(V), and by Remark 2.4 we have Z(V) < Z(M),
that is ae Z(M). By Corollary 2.2 and Corollary 2.3
we have d|,(v)aa = 0 = aad|,(v) and d|,(a) = 0.

Let x € M, so xpv € V. Thus d(xpv)aa = 0, but
d(xpv)aa = d(x)pvaa + xpBd(v)aa, this implies that
d(x)Bvaa = 0.

Since acZ(V), so d(x)Paav = 0, for all xeM, ve V
and a, fe I'. By by semiprimeness of V we get
d(x)aa = 0, and by definition we obtain aox = 0, for

all xe M and ae I, then by semiprime of M we get
a=0. Hence D(d|y) = {0} on V.

2. Free actions of prime and semiprime I'-rings
In this section we discuss free action for mappings
related to derivations and we obtain some results.
We start by the following lemma:

Lemma 3.1 (Chakraborty and Paul, 2010. Lemma
2.13). Let M be a 2-torsion free semiprime I'-ring
and suppose that a, be M. If al'mI'b + bI'ml'a =0
for all m € M, then al'mI'b = bI'mI'a = 0.

Theorem 3.2 (Pual and Sabur, 2010. Theorem 3.1).
Let M be a prime I'-ring and U# 0 be a right ideal of
M. suppose that acU, (ay)"a = 0 for a fixed integer n,
then M has non-zero nilpotent ideal.
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Remark 3.3. Let M be a ['-ring. If a is nilpotent,
then MI'a is a nilpotent ideal of M. Ina semiprime
I'-ring M, if a is nilpotent, then a = 0.

Theorem 3.4. Let M be a semiprime [-ring
satisfying (*) and d: M — M be a derivation. Then
®:M — M defined as @ (x) = xpd(x) for all x eM
and € I is free action.

Proof: Suppose that a € D(®D), that is
d(x)oa = aox for all x e M

ando €T 3.
Equivalently

xPd(x)oa = aox, forallx e M
anda, p eI 3.2)
Linearizing (3.2) with respect x we get
xBd(y)oa + ypd(x)aa = 0, for all x, € M
ando, B eT. 3.3)
Replacing x and y by a, we obtain 2afd(a)aa = 0,
this implies that
2a0a=0, forallx e M
anda eI (3.4)
Replacing y by xaa in (3.3) we get

xPBd(x)aaca + xpxad(a)aa + xaapfd(x)aa = 0, for all x
eManda eT.

By using (3.2) we get
aoxoa + xPxad(a)oa + xaapfd(x)aa = 0.

Replacing x by a we obtain acaca + 2acaBd(a)aa = 0.

By using (3.4) we get acaca = 0, since M is
semiprime I'-ring , then by Remark 3.3 we get a=0.

Theorem 3.5. Let M be a 2-torsion free semiprime
Iring and d: M — M be a derivation. Then a
mapping @ : M — M defined as ®(x) = xad(x)
+d(x)ax for all x eM and a fixed ae I is free action.

Proof: Suppose that a € D(®D), that is ®(x)aa = aax
for all x € M and a € I, equivalently
xad(x)+ d(x)ox}oa = aax, forall x e M
anda eI 3.5)
Linearizing (3.5) with respect x we get

xad(y)aa + yad(x)aa + d(x)ayaa + d(y)axaa = 0, for
allx,y e Manda €T (3.6)

Replacing x and y by a, and using (3.5) we obtain
2aca =0. (3.7)

Since M is 2-torsion free semiprime I'-ring, by
Remark 3.3 we geta=0.

Theorem 3.5. Let M be a prime I'-ring satisfying (*)
and d, g and h be nonzero derivations of M. Then
the mapping @ : M — M defined as @(x) = d(g(x))
+ h(x) for all x eM is free action.

Proof: Suppose that a € D(®D), that is

®d(x)oa =aox forallx e M

and a €I 3.8)
Equivalently

(d(g(x)) + h(x))oa = aox.

Replacing x by xPa we get

(d(g(xpa)) + h(xPa))aa = aaxpa.

This implies that
O(x)Paca + xPpd(a)aa + g(x)Bd(a)aa + d(x)Pg(a)aa =
aoxpa.

By using (3.8) we obtain

xPaca +g(x)pd(a)aa + d(x)pg(a)aa =0 3.9
Replacing x by yyx and using (3.9) we obtain
g(y)yxpd(a)aa + d(y)yxpg(a)aa = 0, for all x, ye M
and o, B,y € I'. (3.10)

Replacing y by a and x by aox we obtain
g(a)yaoxPd(a)aa + d(a)yaaxpg(a)aa = 0, for all x, ye
Manda, B, ye I'.

By using Lemma 3.1 we conclude that
d(a)yaoxPg(a)oa = 0, and by the primness of M,
either d(a)aa =0 or g(a)aa = 0.

If both are zero we get from (3.9) that is xPaca = 0
and by primeness we get aca = 0, then by Remark
33,a=0.

If d(a)oa = 0 and g(a)aa # 0, then the relation (3.10)
yields d(y)yxPg(a)aa = 0. By primness and relation
(3.9)a=0.

If g(a)aa = 0 and d(a)aa # 0, the relation (3.10)
yields g(y)yxpd(a)aa = 0, and by primeness and
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relation (3.9), a = 0. So for any case we get a = 0,
this implies that @ is free action.
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